Abstract. The nucleation and random movement of a nonlinear moving focus in a turbulent atmosphere during the propagation of a high-power subpicosecond laser pulse was investigated for a medium with fluctuations of the refractive index. It was shown by statistical sampling methods that under turbulent conditions the length corresponding to the establishment of a nonlinear focus in which the intensity reaches the ionisation threshold is on average reduced compared with the similar length in a regular medium. The focus, moving along a random path, outlines in air a`curved' filament, the random displacement of which may reach several millimetres in the cross-sectional plane.
Introduction
The filamentation of ultrashort pulses in gaseous media has been investigated vigorously in connection with the construction of high-power subpicosecond lasers. Filaments several tens of metres long have been observed experimentally [1^3] during the propagation of pulses with a peak power of 55 0 GW and of 150^230 fs duration at wavelengths of 775 nm [1] or 800 nm [2, 3] . In the experiment of Woste et al. [4] , a scattered-radiation signal from a subpicosecond terawatt source directed vertically upwards was received from an altitude of more than 12 km.
In these experiments, the self-interaction of the laser radiation evolves under conditions which had not been attained earlier in nonlinear atmospheric optics [5] . In fact, the Kerr effect, which is decisive in the filamentation process in air, is suppressed in the case of microsecond and millisecond pulses by other nonlinear effects with a lower energy threshold [6] . In the picosecond range of durations of the interaction, the manifestation of the Kerr self-focusing of a laser beam under atmospheric conditions becomes realistic. According to theoretical estimates, in air at the wavelength l 0X8 mm the critical self-focusing power is P th cr l 2 a2pn 2 2 Â 10 9 W, where n 2 % 5X6 Â 10 À19 cm 2 W À1 ; under the conditions of the experiments of Brodeur et al. [3] , measurements yielded P exp cr % 6 Â 10 9 W.
The dynamics of the processes accompanying the propagation of subpicosecond pulses in air is fairly complex. Two competing nonlinear effects play the main role here: the instantaneous Kerr nonlinearity and the slow-response defocusing nonlinearity of a plasma generated by a strong optical field. At first sight, one might expect that the mutual compensation of these effects at some intensity may ensure the self-channelling of the laser radiation. However, the instantaneous contribution of the Kerr nonlinearity is proportional to the intensity, whereas the contribution of the plasma nonlinearity accumulates in the course of a pulse. As a result, the Kerr nonlinearity predominates at the leading edge of a pulse and the plasma nonlinearity predominates at its trailing edge.
Two models are mainly used in order to account for the filamentation. These are the self-channelling [1, 2] and the moving focus model [7, 8] , the latter modified [3, 6, 9] to take into account the influence of the self-generated plasma. There is in addition a dynamic spatial replenishment model close to the latter model [10] . According to the moving focus model [3, 6, 9] , a filament consists of a sequence of foci created by different time segments of the pulse.
Questions concerning the influence of natural fluctuations in the refractive index of atmospheric air on the filamentation of pulses have been hitherto ignored. However, these questions arose indirectly in laboratory experiments [3] .
The formation of a filament in the propagation of highpower laser radiation in a turbulent atmosphere was investigated by us employing the numerical experiment method. On the basis of the phase screens model, simulating fluctuations of the refractive index in air, random paths of the moving focus were obtained under turbulent conditions. The influence of the atmospheric turbulence on the self-focusing length and on the transverse displacement of the nonlinear focus was investigated by the statistical sampling method.
Formulation of the problem. Physical and numerical models
The propagation of a high-power subpicosecond laser pulse in the atmosphere is determined jointly by diffraction and dispersion of the radiation, by the self-interaction associated with the Kerr nonlinearity, by the nonlinearity of the laser plasma, and, finally, by the phase fluctuations arising under turbulent conditions. The slowly varying electric field amplitude E( r, t) is described by a stochastic equation of the type 
where o p (4pe 2 N e am e ) 1a2 is the plasma frequency; N c is the electron concentration which depends at each point in space on time and on the field intensity, in conformity with the kinetic photoionisation equation;ñ 1 is the fluctuating component of the refractive index of the turbulent atmosphere; a S is the attenuation coefficient related to the radiation-energy losses in the plasma; V g is the group velocity of the packet.
In the full formulation, a statistical study of the problem formulated is not possible because of its high dimensionality and the wide range of variation of the spatial and temporal scales of the field. For example, the transverse dimension of a high-power pulsed beam diminishes during filamentation from fractions of a centimetre to several micrometres. Apart from the three spatial dimensions x, y, and z and the time t, a fifth coordinate of the problem, the Monte Carlo variable along which the averaging is carried out, is needed for statistical sampling. We note that, so far, numerical studies on filamentation have been carried out for an axially symmetrical setup in terms of the coordinates r, t [3, 6, 9, 10] , when reproduction of the turbulent pulsations in the refractive index is not possible.
However, in the study of the nucleation of a nonlinear focus and of its random movements in a turbulent atmosphere, a number of factors in the problem defined by Eqn (1) may be disregarded, which significantly simplifies the analysis. Indeed, ionisation begins after the intensity in the self-focusing process reaches the threshold value I i , so that the generated plasma does not influence the formation of a nonlinear focusing region in the cross section of the beam and the position of the nonlinear focus in the x, y, z space. The dispersion length in air for pulses of subpicosecond duration at l 0X7^0.8 mm is more than one kilometre, so that dispersion may be neglected for the propagation of filaments with lengths up to 100 m [2, 3] .
As a result, Eqn (1) for the field amplitude E ( x, y, z, t) assumes the form
The statistical characteristics of a three-dimensional random fieldñ 1 ( x, y, z) are described by the model adopted for the atmospheric turbulence. Measurements have shown [2, 3] that the distribution of the field E( x, y, z 0, t) in the incident pulse is close to a Gaussian dependence in space and time:
where a 0 is the beam radius; t 0 is the pulse duration. Under these conditions, the peak power P 0 in a pulse exceeds the critical self-focusing power:
In the setup considered, the problem of filamentation in a turbulent atmosphere reduces to determination of the positions of the nonlinear focal points in the x, y, z space for a consecutive series of infinitesimally thin time segments of a pulse at t 4 0. The central segment at t 0 determines the start of this filament, whereas the time segment in which the power is close to the critical value [P(t) 5 P cr ] determines the end of the filament.
The split-step method, based on the phase screens model, was used to solve the problem defined by Eqn (2) and expression (3) [11] . A chain made up of a finite number of scattering screens represents satisfactorily the properties of a continuous randomly inhomogeneous nonlinear medium, provided the distance between the screens Dz is small compared with the lengths of the characteristic variation of the field along the evolution coordinate z, which are the nonlinearity length L NL , the diffraction length L d , and the turbulent length L turb [11] :
This makes it possible to represent a layer of a randomly inhomogeneous nonlinear medium with a thickness Dz by a system of two phase screens, one of which simulates the contribution of the`intrinsic' fluctuations of the refractive index of the medium, whereas the other simulates the fluctuations induced by the field as a consequence of the nonlinear response of the medium. The distance Dz turb between the phase screens associated with intrinsic fluctuations of the medium is selected from the conditions governing the applicability of the d-correlated phase-screen model and the smallness of the phase shift induced by the diffraction and the random pulsations of the refractive index:
where L 0 is the external scale of the turbulence; 
where C 2 n is the structural constant of the refractive index. Under the Kerr self-focusing conditions, the intensity increases sharply in the region of the beam cross section where a nonlinear focus is formed, so that in the numerical experiment the distance Dz NL between the`nonlinear' phase screens decreases with increase in the radiation intensity in accordance with the condition
The split-step scheme for the solution of Eqn (2) and the phase-screen generation method have been described in detail [11, 12] . In a section of the path where the condition
holds, the`nonlinear' phase screens were arranged in a single z plane together with the`turbulent' screens. As the`nonlinear' focus was approached, inequality (9) ceased to apply and the distance between the`nonlinear' phase screens was reduced in order to satisfy condition (8) . The radiation was diffracted freely between neighbouring screens, regardless of their nature.
In order to obtain the path of the nonlinear focus on emission of a single pulse, a chain of phase screens was formed to simulate the atmospheric turbulence over the entire length of the filament. The self-focusing of a number of segments of the pulse, passing through the same chain of screens of thè intrinsic' inhomogeneities of the medium, was considered in succession. The point in a cross-sectional plane of the segment where the intensity reached the ionisation threshold determined the position of the nonlinear focus for this time segment of the pulse in the x, y, z space. The set of coordinates of the nonlinear foci in the x, y, z space for all the segments of the pulse yielded its path. Statistical treatment of an ensemble of such paths, calculated for statistically independent chains of phase screens, made it possible to obtain the average nonlinear focal length and the variance of transverse deviations of the filament under the conditions of atmospheric turbulence.
Influence of turbulence on the nucleation of the filament
The inhomogeneity of the refractive index is induced by distortions of the radiation wavefront. Random focusing constitutes the seed for the onset of the Kerr self-focusing, so that, in a pulse the peak power of which exceeds the critical value, the location of a filament in the beam cross section proves to be random.
We shall consider the nucleation of a filament under the conditions of the experiments of Brodeur et al. [3] , when the radiation parameters were as follows: wavelength l 0 800 nm, pulse duration t 0 230 fs, beam radius a 0 3X5 mm, peak intensity in a pulse I 0 10 11 W cm À2 , and power of the central time segment of the pulse P 0 38 Â 10 9 W, which corresponds to P 0 6X3P exp cr . The field distribution in the output laser radiation was specified in the form of expression (3) . It has been noted [2, 3] that the formation of a single filament is observed experimentally for a pulse peak power P 0 4 (6^10)P exp cr . With increase in P 0 , the appearance of two and more filaments is possible.
In the experiments of Brodeur et al. [3] , a filament approximately 100 m long passed along a corridor of the laboratory building. Here, one may postulate the existence of strong turbulence with an external scale L 0 of the order of magnitude of the transverse dimensions of the corridor. A modified von Ka¨rma¨n model [13] was adopted in the calculations and the following parameters of the turbulence were selected: the structure constant C 2 n 5 Â 10 À13 cm À2a3 , the external scale L 0 1 m, and the internal scale l 0 1 mm.
A square grid (512 Â 512) with the step h 0X08 mm in the cross-sectional plane of the beam and the distance between the`turbulent' phase screens Dz turb 1 m were used in the numerical experiment. A modified method of subharmonics [14] with four iterations was used to generate the two-dimensional field of the phase fluctuations on the screen. This made it possible to reproduce satisfactorily, on a screen, the phase fluctuations with the spatial scale ranging over three orders of magnitude (L 0 al 0 10
3 ) [12] . For the adopted parameters of the numerical experiment, the turbulent length defined by expression (7) is L turb 21X4 m in the vicinity of the nonlinear focus, where the intensity is I % I i and the minimum nonlinear length is L NL 1 cm. The diffraction length L d varies from 100 m for z 0 to 2.5 cm for z z nf , where z nf is the position of the nonlinear focus. Fig. 1 shows, as an example, how a nonlinear focus is formed in one random situation in a turbulent atmosphere. It gives the distribution of the intensity I(x, y) in the cross section of the central pulse segment for a range of distances z.
It is seen that`turbulent' lenses induce distortions of the initially smooth beam profile in air at z % 6 m (Fig. 1) . The strongest random focusing in the paraxial region becomes the seed of a nonlinear focus. The slow increase in the intensity in the vicinity of the future focus at z 6^10 m is replaced by its intense growth at z b 10 m. The transverse dimension of the generated intensity maximum amounts to several hundreds of micrometres. Its position in the paraxial region of the cross section proves to be random and in the illustrated case the focus is displaced to the right along the x and y axes.
Nonlinear self-focusing length in a turbulent atmosphere
In the nucleation of a moving focus, the intensity maximum in the region of its formation varies at random with distance owing to fluctuations of the refractive index (Fig. 2) . In the concluding stage of the formation of a nonlinear focus, the nonlinear phase shift exceeds appreciably the turbulent shift and the character of the swift growth of the intensity maximum with increase in z is virtually the same for all random realisations. However, the distancez nf in which the intensity in the nonlinear focus reaches the ionisation threshold proves to be random. Therefore, the distance to the beginning of the filamentz nf (0), determined by the central pulse segment, varies at random from realisation to realisation. Other pulse segments, located closer to the leading edge, have a lower power and are focused at a longer distance. The nonlinear self-focusing lengthz nf (À t) is random for these segments.
However, on average, turbulence reduces the length corresponding to the formation of a nonlinear focus (Fig. 3 ). This can be explained by the fact that random focusing of the optical field, arising in the atmosphere, accelerates nucleation of the self-focusing by virtue of the instability of the positive intensity fluctuations. It is significant that in the segments where the actual power P(t) exceeds slightly P exp cr the influence of the turbulence on the nonlinear self-focusing is stronger. This can be explained by the longer stage involving initial formation of the nonlinear focus, during which the intensity increases slowly with distance and the nonlinear phase shift remains comparable to the`turbulent' shift. The scatter of the nonlinear self-focusing length increases simultaneously with decrease in the peak power P max at the leading edge of the pulse (Fig. 3) . This is illustrated in Fig. 2 which shows how the focus, nucleated in one of the situations at a distance z % 20 m,`disintegrates' owing to the turbulent phase shift for P max 2X0P exp cr . As a result, the length of the filament in the atmosphere varies at random from pulse to pulse.
Random movement of the nonlinear focus in the beam cross section
For segments of the pulse displaced towards its leading edge, the length of their propagation to the nonlinear focal plane increases. In a turbulent atmosphere, this leads to random variation of the nonlinear focus position in the cross-sectional plane from segment to segment of the same pulse. Imagine that we are looking towards the pulse and that we project onto the xy plane the positions of the nonlinear focus in a consecutive sequence of segments for t 4 0. As a result we obtain the path of the moving focus in the crosssectional plane. Fig. 4 presents the paths of the moving focus for two situations. Thus, in a turbulent atmosphere the moving focus wanders at random in the cross-sectional plane, having moved ahead together with the pulse. The randomly moving focus outlines a`curved' filament.
The statistical sampling method enabled us to discover that, in the cross-sectional plane, the mean-square deviation s xy of the filament from the beam axis increases with the distance z. For the investigated radiation parameters and propagation conditions, we have s xy 0X6 mm at z % 12 m, 0.8 mm at z % 16 m, and 1.6 mm at z % 37 m, which is consistent with the experimental data of Brodeur et al. [3] .
Conclusions
In a turbulent atmosphere, the nucleation and position in space of a nonlinear focus for a pulse with peak power, exceeding the critical self-focusing power P cr , are random owing to irregular focusing of the radiation induced by fluctuations in the refractive indexñ 1 (x, y, z). Under turbulent conditions, the length corresponding to the formation of a nonlinear focus in which the intensity reaches the ionisation threshold of air is on average smaller than in a regular medium. The mean-square deviation of the nonlinear focal length increases towards the leading edge of the pulse, where its actual power P(t) is close to the critical power P cr and the turbulent phase shift is comparable to its nonlinear shift throughout an extended propagation range. In the cross-sectional plane, the focus moves along a random path and its displacement from the beam axis may reach several millimetres. In the propagation of high-power subpicosecond laser pulses in a turbulent atmosphere, the moving focus outlines a`filament', the start of the formation of which, the end of its existence, as well as its position in the cross-sectional plane all vary at random from pulse to pulse.
